Abstract. We provide a study of lightlike hypersurfaces of a generalized Robertson-Walker (GRW) space-time. In particular, we investigate lightlike hypersurfaces with curvature invariance, parallel second fundamental forms, totally umbilical second fundamental forms, null sectional curvatures and null Ricci curvatures, respectively.
Introduction
In general relativity, a space time is a four-dimensional differentiable manifold equipped with a Lorentzian metric. One important cosmological models in general relativity is the family of Robertson-Walker space-times:
Explicitly, L Recently B. Y. Chen and J. Van der Veken ( [4] ) studied nondegenerate surfaces (i.e., spatial or Lorentzian) of Robertson-Walker space-times from differential geometric view point. And also B. Y. Chen and S. W. Wei ( [5] ) provided a general study of submanifolds in the Riemannian warped product I × f F, g = dt 2 + f 2 (t)g c , where F is an n-dimensional Riemannian manifold of constant sectional curvature. A generalized Robertson-Walker spacetimes (GRW) is defined as a warped product L n+1 1 = I × f F, where I ⊂ R is an interval with the metric −dt 2 , F is an n-dimensional Riemannian manifold. As far as I know, there are no articles which provide study on degenerate (lightlike or null) surfaces (resp. submanifolds) of Robertson-Walker space-times (resp. GRW space-times). In this article we give a study of degenerate hypersurfaces of a GRW space-time whose fibres are constant curvatures. In particular, we investigate degenerate hypersurfaces with curvature invariance and parallel second fundamental forms (Section 4), totally umbilical second fundamental forms (Section 5), null sectional curvatures and null Ricci curvatures (Section 6), respectively.
Basics on GRW space-times
In this section, we review some results of the connection and curvature of a GRW space-time, which follow from general results on warped product ( [10] ).
Consider a GRW space-time
where f is a smooth positive function on I, and (F, g c ) is an n-dimensional Riemannian manifold of constant sectional curvature c. The standard choices for F are S n , E n and H n , with curvature 1, 0, −1, respectively. Let π and σ be the natural projections of I × F onto I and F, respectively. Let L(I) and L(F ) be the set of horizontal and vertical lifts of vector fields on I and F to I × f F, respectively. Let ∂ t ∈ L(I) denote the horizontal lift vector field to I × f F of the standard vector field
where
The following two lemmas are well-known ( [10] ).
Lemma 2.1. Let∇ be the Levi Civita connection of
L n+1 1 (c, f ). For vectors fields X, Y ∈ L(F ) we have (1)∇ ∂t ∂ t = 0, (2)∇ ∂t X =∇ X ∂ t = (ln f ) ′ X, (3)ḡ(∇ X Y, ∂ t ) = −ḡ(X, Y )(ln f ) ′ , (4) ∇ X Y is the vertical lift of ∇ F X Y, where ∇ F is the Levi Civita connection of F.
Lemma 2.2. LetR be the curvature tensor of
We can agglomerate (1) ∼ (4) in Lemma 2.2 together into a single form (2.2).
Proposition 2.3. For any vector fields
Proof. Making use of (2.1) for any vector fields X, Y, Z on L n+1 1 (c, f ), we have from Lemma 2.2 and the linearity of curvature tensor
Rewriting this equation by substitutingX = X − ϕ X ∂ t for any vector field X, we get the desired form (2.2). □ From (2.2) we have: Proof. Note that if β = 0, then α is constant. □ Remark 2.5. The following facts follow from solutions of the differential equation β = 0.
Basics on lightlike hypersurfaces
In this section, we review some results from the general theory of lightlike hypersurfaces ( [6] , [7] , [8] ).
Let (M, g) be a lightlike hypersurface of an (n + 1)
⊥ is of rank one, and the induced metric g on M is degenerate and has constant rank n − 1, where T M ⊥ denotes the normal bundle over M. Also, a complementary vector bundle of
Thus we have the orthogonal direct sum
It is known that for any nonzero section ξ ∈ Γ(T M ⊥ ) on a coordinate neighborhood U ⊂ M there exists a unique null section N of the transversal vector bundle tr(T M ) on U such that
Thus we have the decomposition.
Throughout the paper Γ(•) denotes the module of smooth sections of the vector bundle •. Now let∇ be the Levi-Civita connection ofM and P be the projection morphism of Γ(T M ) on Γ(S(T M )).
According to the decomposition (3.3) and (3.1), we write the local Gauss and Weingarten formulas for any X, Y ∈ Γ (T M ) and N ∈ Γ(tr(T M ))
where h and h * are the second fundamental
forms of M and S(T M ), B and C are the local second fundamental forms on Γ(T M ) and Γ(S(T M )), respectively, ∇ * is a metric connection on Γ(S(T M )), A * ξ the local shape operator on Γ(S(T M )) and τ is a 1-form on T M.
The two local second fundamental forms of M and S(T M ) are related to their shape operators by
Note that in general, A N is not symmetric with respect to g, the local second fundamental form B is independent of the choice of screen distribution S(T M ) and satisfies
Furthermore, the induced linear connection ∇ is not a metric connection. Indeed we have
. Denote byR and R the curvature tensor of∇ and ∇, respectively. Then we have the Gauss-Codazzi equations of the lightlike hypersurfacē
for any X, Y, Z, W ∈ Γ(T M ), respectively, where we set
Also, from the right hand side of (3.14) with (3.6) and (3.7) we get
, where we set
On the other hand, using again the formulas (3.4) and (3.5) of Gauss and Weingarten, we obtain
N, is the curvature tensor of the transversal vector bundle tr(T M ) with respect to the transversal connection ∇ t , and
Curvature invariance and parallel second fundamental forms
Contrary to the case of nondegenerate hypersurfaces ( [5] ), in the case of lightlike hypersurfaces we have the following lemma. Proof. (i) Assume that ∂ t is tangent to M. Then by decomposition (3.1), ∂ t = w + ξ, where w ∈ Γ(S(T M )) and ξ ∈ Γ(Rad(T M )). Then we get −1 =ḡ(∂ t , ∂ t ) =ḡ(w, w) > 0, since any screen distribution S(T M ) on a lightlike hypersurface of a Lorentzian manifold is Riemannian, i.e., the induced metric on S(T M ) is positive definite. This is a contradiction. Hence ∂ t can not be tangent to M.
(ii) If ∂ t is orthogonal to M, thenḡ(∂ t , ξ) = 0 for any ξ ∈ Γ(Rad(T M )), i.e., ϕ ξ = 0. This means that ξ is spacelike, which contradicts.
(iii) By (2.1) 
iv) If tr(T M ) is curvature invariant and rank(S(T
M )) > 1, then L n+1 1 (c, f ) is
flat or the screen distribution S(T M ) is tangent to spacelike slices.

Proof. Let {ξ, N } be a pair satisfying (3.2). (i) M is curvature invariant if and only if (4.1)ḡ(R(X, Y )Z, ξ) = 0, ∀Z ∈ Γ(T M ).
From which, using (2.1) and (2.2) we obtain
Putting X = ξ gives βϕ 
In ( 
Then the screen distribution S(T M ) is tangent to spacelike slices.
Proof. (i) Differentiating η(Y ) =ḡ(Y, N ) in the direction X and our assumption yield
Putting Y = P Y in this equation yields C(X, P Y ) = 0 with the aid of (3.9). It follows from (3.15) thatḡ(R(X, Y )P Z, N ) = 0, so the transversal bundle tr(T M ) is curvature invariant. Thus Proposition 4.2(iv) shows that S(T M ) is tangent to spacelike slices.
(ii) Assume that the screen second fundamental form h * is parallel, i.e.,
. From this and (3.15) we obtainḡ(R(X, Y )P Z, N ) = 0. By the same argument S(T M ) is tangent to spacelike slices.
(iii) From our assumption and (3.18) we also haveḡ(R(X, Y )P Z, N ) = 0. Therefore we complete the proof. □
Totally umbilical lightlike hypersurfaces
Let (M, g, S(T M )) be a lightlike hypersurface of a semi-Riemannian manifold (M ,ḡ).
If on any coordinate neighborhood U in M there is a smooth function ρ such that
then M is said to be totally umbilical. In case ρ = 0 on U we say that M is totally geodesic.
A screen distribution S(T M ) is called totally umbilical in M if there exists a smooth function λ on any coordinate neighborhood U in M such that
In case λ = 0 (resp. λ ̸ = 0) we say that S(T M ) is totally geodesic (resp. proper totally umbilical) ([6] , [7] , [8] ).
In case of (5.4) we have assumed rank(S(T M )) > 1.
Proof. Substituting (5.1) and (2.2) into (3.13) yields
for any X, Y, Z ∈ Γ(T M ), where we have used (3.10) and (3.11) . Putting X = ξ and Y = Z in this equation, we get (5.3). Next, putting X = P X, Y = P Y and Z = P Z in (5.5), and remembering that S(T M ) is nondegenerate, we also have
Taking P X and P Y to be linearly independent (rank(S(T M )) > 1) yields (5.4) .
Then λ satisfies the partial differential equation
Furthermore if S(T M ) is tangent to spacelike slices and proper totally umbilical, then M is totally umbilical immersed in L
n+1 1
(c, f ). In this case M is totally geodesic if and only if λ is a solution of the partial differential equation
Proof. Substituting (5.2) and (2.2) into (3.15) gives
Then by the same argument as in the proof of the previous theorem, we obtain (5.6). Next, substituting ϕ P Z = 0 (since S(T M ) is tangent to spacelike slices) and X = ξ into (5.7), we have
The rest statement follows from this equation. □
that the screen distribution S(T M ) is proper totally umbilical. If S(T M ) is tangent to spacelike slices, then M is either totally umbilical or totally geodesic.
Proof. The proof follows from (5.9). □
Null sectional curvatures and null Ricci curvatures
Let (M ,ḡ) be a semi-Riemannian manifold and p ∈M . Given a nonzero null vector U ∈ T pM and a null plane H of T pM containing U, the null sectional curvature at p ∈M with respect to U in the plane H is defined bȳ
where X is any non-null vector in H ( [3] , [6] , [7] , [8] ). In a similar way we define the null sectional curvature on a lightlike hypersurface (M, g) of (M ,ḡ) as follows;
where H is a null plane of T p M containing a nonzero null vector ξ and X is any non-null vector in H. Clearly the null sectional curvature of a null plane H is independent of the choice of non-null vectors in H, but depends quadratically on the null vectors. For a geometric interpretation of the null sectional curvature see [1] . [2], [9] ).
Since the induced connection ∇ on M is not a Levi-Civita connection, Ric is not symmetric. In [9] some geometric objects for the induced Ricci tensor to be symmetric are studied.
